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Abstract 

Levy-Loewner evolution is a generalization of the Schramm-Loewner evolution where 
the branching is possible in course of growth process. We define a class of radial 
Levy-Loewner evolutions for which sets of points of the average means beta-spectrum 
can be found exactly. These are Loewner evolutions driven by Levy processes with 
TV first fourier coefficients of probability distribution corresponding to those of the 
Brownian motion at a countable number of special values of temperature, while the 
rest of coefficients remains free. 

1 Introduction 

We start with a simple introduction to radial Levy-Loewner evolution (a good introduction to the 
chordal LLE can be found in [15], [16], for introduction to Levy processes see e.g. [1] and references 
therein). 

Let us consider iterative conformal mappings z — F n (w) from the exterior of the unit disc in the 
w-plane to the exterior of a bounded, simply connected domain in the z-plane: The nth mapping 
is a composition of n elementary "spike" mappings z — fi(w,5ti), i = l..n 

F n (w) = F n - 1 (f n (w,6t n )), F (w)=w (1) 

where 



fn(w,t) = e Vn h (e Vrl w,t) , h(w,t) = e * — 1 



(2) 



The elementary mapping z = f n (w,St n ) attaches a radial "spike" of the length y/6t n (1 -I- 0{8t n )) 
located at the angle ip n to unit disc: Here, the point w = e ltPn on the unit circle in the w-plane is 
mapped to the tip of the spike in the z-plane (see Figure 1). 

The mapping z — h{w, t) that attaches a spike to the disc at (p = satisfies the simplest 
Loewner equation dh ^'^> — w 5M^2*1 H±i an d as a consequence 

df„(w,t) df n {w,t)w + e 1 ^ 
— w- 



dt dw w — e'V" 

This equation is invariant wrt any conformal transformation f n (w,t) —¥ F (f n (w,t)) and therefore 
the iterative compound mapping F n in ([1]) can be represented as a solution of the Loewner equation 
at time t = Yh=i ^i' 

F n (w) = F (w,J25t^j , F(w,0)=w, 

dF(w,t) _ dF(w,t) w + e lL(t *> 

di ~ W dw w- e^M ( ) 
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Figure 1: The elementary mapping z = fn{w, St n ) (left) and the compound iterative mapping z = F n (w) 
(right) from exterior of unit circle in ™-plane to exterior of a simply connected domain in z-plane. 

where L(t) is the piecewise constant function 

i— 1 i 

L(t) = (pi, ^2 < t < ^2 St i 

3=1 3=1 

One can consider continuous-time Loewner evolutions as limits of the above iterative processes 
when n — > oo and St„ — > 0. This iterative picture will be useful for the simplest derivation 
of linear integro-differential equation for moments of derivatives of conformal mappings for the 
Levy-Loewner evolution by the method proposed by M. Hastings [5]. 

We are interested in the case when L(t) is a stochastic process without drift. Without loss of 
generality we set 

{£(*)) = o, (4) 

where () denote expectation (ensemble average). 

When stochastic process L(t) is continuous in time, conformal mapping z = F(w,t) describes 
growth of a random continuous curve F = T(t) starting from a point on a unit circle \z\ = 1 at 
t = 0. On the other hand, when L(t) is discontinuous in time, the growth branches in the z-plane. 

If one requires that the Loewner evolution is a conformally invariant Markovian process, 
in the sense that the time evolution is consistent with composition of conformal maps, then the 
necessary condition for such an evolution is that L(t) must have independent stationary increments, 
i.e. L(t) is a Markovian process with the probability distribution of L(t + t) — L(t) depending only 
on r. Among such processes there is a class of Levy processes considered in the present paper. 

The only continuous (modulo uniform drift) process of Levy type is the Brownian motion 

L(t) = B{t) 

The Brownian motion is characterized by a single parameter - "temperature" k : 

{{B(t + T)-B{t)Y)=K\T\. (5) 

Stochastic Loewner evolution driven by Brownian motion is called Schramm-Loewner Evolution 
(SLE, or SLE K ). Since it describes non-branching planar stochastic curves with conformally- 
invariant probability distribution, SLE is a useful tool for description of boundaries of critical 



2 



clusters in two-dimensional equilibrium statistical mechanics. In this picture, different n correspond 
to different classes of models of statistical mechanics (good introduction to SLE for physicists can 
be found e.g. in [3], [5] as well as mathematical reviews can be found e.g. in [5], |10j). 

By present, SLE is quite well studied and many exact results have been obtained. In particular, 
SLE is the only non-trivial example where multi-fractal spectrum as well as related /3-spectrum of 
the curve is described exactly. 

In contrast to SLE, there has been no much progress in study of branching processes: The 
branching growth processes are of great interest in non-equilibrium statistical mechanics, where 
extensive work in study of different two-dimensional growth models has been performed. In spite of 
great amount of numeric simulations, very few analytic results have been obtained in this direction 
so far. 

In this article we present new analytic results for branching processes: These are examples 
of Levy-Loewner evolutions (LLE) where sets of points of the /3-spectrum can be found exactly: 
The /3-spectrum quantitatively describes subsets of the domain boundary where certain scaling 
laws apply to derivatives of conformal mappings F'(w) along the boundary. The integral means 
/3(q)-spectrum of the domain is defined through the qth moment of derivative at the unit circle 
(i.e. at \w\ — > 1) as follows 

e^o+ -loge 

The moments satisfy a linear integral equation which can be solved exactly for certain types of 
Levy processes for special sets of q. In the present work we exploit properties of these solutions to 
obtain exact values of /3-spectrum on these sets. 

Although the main part of the paper is devoted to the "bounded" whole-plane LLE, which is 
an infinite-time limit of the radial LLE introduced above, we consider in Section 6 and Appen- 
dices another "unbounded" version of the whole-plane LLE. The latter is an inversion F(w,t) — > 
\/ F{l/w,t) of the bounded version and was studied due to its relationship with the problem of 
Bieberbach coefficients of conformal mappings for such processes [3], [12] : Expectations of the 
squares of the Bieberbach coefficients as well as two non-trivial points of the /3-spectrum have 
been conjectured for two special examples of unbounded whole-plane LLEs in pQ. This conjecture 
has been proved in [12] for the first example and partially for the second one. The first example 
represents a point in an infinite set of exact values introduced in the present paper. Although the 
second example is also included in this set, it turns out to be in some sense an "exceptional" point. 
So, we complete the proof of the above mentioned conjecture for this exception in Appendix 2. 

2 Equation for Moments of Derivative 

To find /3(<7)-spectrum ^ one needs to estimate moments of derivative (\F' (w 7 t)\ q ). 

For this purpose it is convenient to change the variable w to e lL ^w and consider the mapping 

F{w,t) = F (e lL ^w,tj 

for which the point w — 1 is the pre-image of the growing tip of the curve. Obviously, 

p{Q) = ~ ] > 

e^o -loge 

where 

p(w,w;t\q) = ( F'{w,t) *). (7) 



^■For introduction to multi- fractal analysis see e.g. [7|, [2] and references therein 
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It turns out that the moments p(w,w;t\q) satisfy an integral linear equation. The simplest deriva- 
tion of such equation uses M. Hasting's iterative approach [8], [12]: In iterative picture (JlJ we 
consider the mappings 

F n (w) = F n ^ (e^-^-^h{w,5t n )) . 

By the chain rule 

^H|*= |^n-i (e^-^h(w,St n ))\ q \h'(w,St n )\ q . 
Taking expectations of the both sides of the above equation, with the account of 0, we get 

p(w, w),i n _i + St n ) = \h'(w,5t n )\ q / d(pP((p,5t n )p (e ltp h(w,6t n ),e~ lv h(w, <5t„),t„_i) , 



where P(ip,t) is the probability that L(t) = ip under condition that L(0) = 0. 
Taking into account that for small St 

w + 1 

h[w, St)=w + w Tot, 



in — 1 



in the first order in St we obtain 



p(w, w,t + St) = I 1 + 5t I w — ^-^d w + w _ ^ - d,j, 



w — 1 



w — 1 
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(w-l) 2 (w-1) 2 
so, in the St — > limit we arrive at the equation for p 



P{ip,St)p(e lv w,e- ltp w,t) dip, 



dtp 



* i w + 1 « , - w + 1 a 

-7? + W rC,„ + W — TO,n 



Q 



ifl-1 (u; — l) 2 (u> — l) 2 

Here the operator r) acts on functions of w, w as follows 



+ q p. 



(8) 



1 



2tt 



f]{p](w, w) = lim - / (p(w , w) — p (e lv w , e lip w)} P{{p,t)dip. 

t— >0 i Jq 

We consider only processes for which the above limit exists. On the unit circle, these Levy processes 
are defined by their characteristic exponents r\ m 



-t v „ 



JmL(t) 



e irn *P(<p,t)d<p 



(i.e. e~ tVm is the Fourier transform of the probability distribution of L(t)). 

According to the above definitions, the operator f\ acts diagonally on the basis of two-dimensional 
Taylor/Laurent expansions w n w m , n,m£li 



f,[w n w m ] = Vn - m w n w m . 



(9) 



Since we consider processes without drift, the characteristic exponents are real and symmetric 

Vm=fj m , rj m =r]- m , tjo = 0. 

In the case of Brownian motion ([3]), P((p, t) is a fundamental solution of the heat equation on the 
circle and 



'In 



V= 7; i w d w - wdwf ■ 



(10) 



i.e. equation ([8]) becomes the second order linear PDE. 
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3 The Whole Plane LLE 

Equation (|8]) simplifies in the case of the whole plane LLE which is a properly scaled infinite-time 
limit of the radial LLE. 

The whole-plane LLE z = J~(w, t) can be viewed as the infinite-time limit of the radial evolution 

F(w,t)= lim e- T F(w,T + t) (11) 

T— >-oo 

which describes growth of stochastic curve out of the point of origin in the plane. Obviously, 
F(w,t) also satisfies the radial Levy-Loewner equation ([3]). 

Consider now the Laurent expansion of ^{w, t) = T (e lL ^w, t) at w — oo 



i=0 



According to the above equation and Q 



p = e qt i 



1 -J2 iq>tW 11 



^ P= E I^TT' P-W = l (12) 



i=-l,j'=-l 



By existence of limit (fTTj) . the probability distribution of e^ t ^ lL ^J r (w,t) = w + Y^£=o ®i{t) w ~* 
is time-independent q So, in the case of the whole plane LLE, the function p = e~ qt p = 
(|l — J2ili i^iW^ 1 ^ 1 \ q ) does not depend on time and 

d~P . 

Tt =qp - 

Therefore, for the whole-plane LLE, equation ([8]) becomes 

Lp = qp (13) 



W + 1 _w + l q g 
L = -r) + w -O w + w- -o^-- T\2 ~ 7^ + 1 ( 14 ) 

To find moments of derivatives we have to look for a non- vanishing and analytic at w — oo solution 
of the above equation. It is easy to see that such a solution is (up to a constant factor) unique. 

Indeed, by analyticity of conformal mapping at w = oo, the function p(w,w) is analytic at 
infinity and p(oo) = 1. Then substituting the expansion (|12l) into (|13p we get the nine-term 
"two-dimensional" recurrence relation for the expansion coefficients pij 

2 2 

£ £ r;> /.„ ,, = o (is) 

Z=0 m=0 

with the following boundary conditions (see Q12p) 

= 1: Pi,j<-1 = Pj<-l.i = 

and the recurrent coefficients (note the symmetry Cjj 1 = Cjf") 

C°f = -Tk-j -i-j-2, C]'j = -irji-j , Cff = -rn-j + i+j-2-2q, 

C°j =2( m - j+1 +i + l), C°; 2 = - m _ j+2 +j-i-2-q, Clf=2( m - j+ i-j + l + q). 

Any element pkn can be found in a consecutive manner starting from (i,j) = (—1, —1) and going 
along the "row" up to j = n and repeating this procedure for consecutive rows up to i = k by 



"For details on existence of this infinite-time limit see Section 4.3 of 1121 or Section 1.2 of [2] 
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expressing as a linear combination of 8 elements: Pi-i,j- m , I € {0, 1, 2}, m <E {0, 1, 2}, (I, m) ^ 
(0,0). This fixes p(w,w) uniquely. Therefore, once an analytic and non- vanishing at w = oo 
solution of (|13l) is found, it will correspond to the moments of derivatives. 

Neither solution of (|13[) . nor the /3-spectrum can be found explicitly for general Levy processes, 
i.e. for arbitrary rji. The only explicit example of the /3(q)-spectrum is found for the SLE case: The 
dimension spectrum (which is a Legendre transform of the /3-spectrum) was first predicted from 
quantum gravity by B.Duplantier [5] and then j3{q) was partially H proved in work by D.Belyaev 
and S. Smirnov [5] by using general facts from the theory of parabolic equations and that of 
harmonic measure. Below we find explicitly points of the /3(g)-spectrum for the LLE driven by 
Levy processes with N first characteristic exponents rji coinciding with that of Brownian motion 
at special values of k 

■ 2 

Vi = ^~, *<N, TV- 1,2,3,... (16) 

and arbitrary characteristic coefficients for i > N. 

In more details: For the sets of (q, n) enumerated by integers N, n. 

Nn(2N-n+l) N - 2n 
q = ^T2 T—^^ K = 2 W2 0<n<iV/2 17 

and Levy processes (fTC)) . the /3-spectrum equals 
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n 2 (N - 2n)n 
2 N z — n z + n 

For a given k, the maximal possible number of the above explicit points of the /3-spectrum equals 
to the number of integer solutions (N, n) of equation k — 2 N 2S^\ n with distinct q = N ^2^~2^^ ■ 
We obtain (fT5]l by studying expansion of solution of (TT^| at w — > oo when (q, k) belong to 
(|17p . Our procedure relies on solution of (|13l) along the infinite number of curves in the parametric 
(k, q)-plane 

M(2 - kM)(kM + k + 2)(kM + k + 4) 
2(2kM + K + 2Y 



i- oToTTir? , : , o^ 2 ' M-l,Z,6,... (iyj 



The set (TJ7D is a subset of (0 with M = N — n and k = 2(M - n)/(M 2 + 2Mn + n) 



4 SLE: Exact Solutions 

To get the points of the /3-spectrum for the Levy processes (fT6|) we have to consider the whole-plane 
SLE. 

Remind that in the case of the Loewner evolution driven by the Brownian motion (i.e. in the 
case of SLE) operator f) is differential (see eq. (fit)]) ), and (Ti~3"|) becomes the second order linear 
PDE with 

L = ^7T \ w °w - w °w) + W -O w + W- -dm - — - — — - + q 

2 w — i w — i [w — \y (w — \y 

It is convenient to make the following change of dependent variable p that eliminates the most 
singular terms in equation (1131) 

p=((l-w- 1 )(l-w- 1 )yQ, q = 2 1 +\f 1 - X -n 1 \ (20) 



3 The analysys in [2] turns out not to be complete and is valid only for q > — (k + 4) 2 (k + 8)/128, (see Appendix 
of [13]) 
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Then (|13p becomes 



d d \ 2 , ^ w . / d d 



+ (to - 1) ( w^- + w^r ) + lV ) 9 = 0. (21) 



<9u> 9u>^ 
where 

V = (w + w)^— + k(7 - 1) - 2 
Again, we can substitute the series expansion at w = oo for 9 

«=E £5^. «-w-i (^) 

i=-ij=-i 

into (|21|) . This gives us the four term recurrence relation for expansion coefficients 9ij 
l l 

/^y^ ^'j^-i,j-fc = 0) ^-i,-i = l ; #i<-i,i = 0i,j<-i = 0, (23) 

fc=0 2=0 

C^ = — 77i_j - i - j - 2, Cl j = — »7i_j + i + j + 7(^7 - « - 2), 
C lj = Vi-j+i + (1 - K 7)(* - J + 1) + 7^y^, C^ = C°'/, 

W = f * 2 

Note, that any matrix element 9ij can be found in a consecutive manner (starting from 6-\ t -\ = 1) 
by expressing Oi.j as a linear combination of 3 elements: Oij-i, 0i-i,j, 

Moreover, since now the recurrence has four terms, the expansion coefficients 6y vanish for 
\i — j\ > M, where M = 0, 1, 2 . . . , if the recurrence coefficient C^ 1 vanishes at j = i + M + 1. As 
follows from (f2"3"|) and (f2"U|) . such a 2M + 1-band truncation happens when 

= o M ~7 = 7 (A^ + 7)(2M+l + 7 ) 

M 2 + 2M 7 + 7 ' 9 M 2 + 2M 7 + 7 1 j 

or equivalently, when (fT9)) holds. 

The above equations determine infinite number of curves in the parametric (q. «)-plane. The 
solutions of (1211) along these curves have the form of the Fourier polynomials 

M 

Q(w,w)= J2 w^fidww)- 1 ), (25) 

i=— M 

where coefficients /•;(£),£ = l/(ww) are regular at £ = 0. Since 9(w,w) is real and symmetric 

/-i(0 = £Vi(0, A = /i- (26) 



Note, that the "two-dimensional" recurrence relation ([22)1 can be also rewritten in the form of 
"one-dimensional" three-term differential-difference equation by substituting the above Fourier 
expansion (l2~5j) into equation (|2"Tj) 

£A i+1 f i+1 + A_ i+1 fi_ x + (B l + (1 - £)Ci) fi + 2£(£ - 1) j| = 0, (27) 
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where 



A l = -{i- 1 ) 2 + i + 1 + - 1 {l- 1 ), Bi = -n(i 2 - 7 2 + 7) - 2 7 , d = -i 2 - nj 2 i + k 7 + 2 7 

In this representation, the truncation condition is Am — 0. When this truncation takes place, (I27|) 
becomes (with an account of the symmetry relation (I261) 1 ) a system of the M + 1 first order linear 
ODEs for /o(£), ■ • ■ , fhi (£)• This system can be reduced to a linear ODE of the order M + 1 with 
polynomial coefficients. □ By asymptotic analysis of these ODEs one can find the /3-spectrum 
along the curves (|24p (or equivalently along (|19p ) [T3] . 

We do not need to perform this analysis in this section, since the /3-spectrum of this version of 
the whole-plane SLE can be derived for positive values of q using analysis of singularities of PDE 
(I13|) at w = 1 and general properties of the harmonic measure [2]. However, for an unbounded 
version of the whole-plane SLE which will be considered later in this work, the only found so far 
way of obtaining the /3-spectrum for the values of q of interest is by direct solution or asymptotic 
analysis of the three-term relations [13] . 



5 LLE and SLE: Common Solutions 

Now we are ready to obtain the main result ([16M18[) . For this we consider solutions of (ITU)) that 
are Fourier polynomials. 

It follows from (|2~5|) and (|20p that, when 7 is integer and conditions ([M]) hold, p becomes the 
Fourier polynomial 

M N 

7 = n, p =(l + C 1 -w- 1 -wCT J2 wi MQ= J2 wi 9i(0, " 60,1,2,... (28) 

i=-Af i=-N 

and we have truncation of expansion (fT2"j) at \i — j\ = N, i.e. 

fHj=0, \i-j\>N. (29) 

Remind, that we consider LLE driven by Levy processes (fl6l) with first N characteristic coefficients 
coinciding with that of Brownian motion at special values of n (given by (|17[1 ). From the relation 
(JTSJ) for pij it follows that this truncation takes place independently of the values of the rest of 
characteristic coefficients r)i,i > N. 

Indeed, taking the expansion coefficients for the SLE case ([2"9"]h and substituting them into 
recurrence relation (|15[) it is easy to see that all recurrent coefficients containing 77; with \l\ > N 
are multiplied by zeros, since (|29p holds. Thus only remaining terms in the recurrence equations 
coincide with those for the corresponding SLE case, and the truncated SLE solution is also solution 
for the corresponding LLE (|f 6II7[) . 

Therefore, when parameters (q, k) take values (fT7|) . the /3-spectrum of LLE (TTB|) takes the values 
coinciding with those of the corresponding SLE-process. The /3-spectrum of the whole-plane SLE 
is known and equals [2], [13] 

?<-l-f 

_1 _ 3k < < 3(k+4) 2 

1 8 - V — 32k 
3(k+4)^ 
1 — 32k 

where in terms of q and k (see (|20p) 

k + 4- ^J{n + A) 2 - 8qn 
7 = Yk 

4 For instance, in the M = 1 case, H27H is reduced to the hypergeometric equation and 0(w, w) is explicitly 
expressed in terms of hypergeometric functions when, according to 1191 1. q = 2(4 — k 2 )(k + 1)/(3k + 2) 2 



^-2 7 . 



2 
.V 
2 



(k+4) 2 
16k 
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Note, that q from the set (|17[) are always bounded within the range — 1 — 2p < q < 3 ^^" 4 ^ , 
and, therefore, values of the spectrum for this set equal n / y 2 /2. Since, according to {23]), for such 
truncations 7 = n, we arrive to the main result (I16H18[) . 



6 Unbounded Whole-Plane LLE 

Remind that in the version of LLE considered above, the curve grows from the origin towards 
infinity. This version is called the bounded whole-plane LLE. There exist another, unbounded 
version of the whole-plane LLE, where (an unbounded) curve grows from the infinity towards 
the origin. Both versions are related by the inversion J r (w,t) — > l/J r (l/w,t). Obviously, the 
unbounded mapping satisfies the same Loewner equation ([3]) , but now T maps interior of the unit 
disc into the complement of the unbounded curve in the plane 

F{w,t) = e~* ^u + ^Ji^toM , |w| < 1 

So, we refer to the unbounded whole-plane LLE as the "interior problem" , while the bounded 
version considered in the previous sections is called the "exterior problem" . 
By analogy with the exterior problem, the moments of derivatives 

p={\F\e iL Vw ) t)\«) 

depend on time only through exponential scaling, i.e. (note the difference in the exponent sign in 
comparison with (|12p ) 

P = e~«p 

where 

00 

p(w,w;q) = ^ PijW^w 3 ' 1 , = 1 (30) 

is time-independent. 

Similarly to the exterior problem, p(w,w;q) satisfies an integral equation which now writes as 
follows 

Lp = -qp, (31) 

where L is given by (1141) . Now an analytic and non- vanishing at w — solution of (|31l) corresponds 
to the moments of derivatives of the interior problem. 
The /3(g)-spectrum of interior problem equals 

m = hm ^tpje^r^ (32) 

It can be computed explicitly for interior whole-plane SLE [T3], Q3] along the countable number 
of curves in the parametric (g, «;)-plane, which include all points of the interest. It equals (see 
Appendix 1) 

f -27-1, ?<-i-f 

P=\ k%, -1-f <q<Q(K) (33) 

[ 3q - \ - yi + 'lqn, q > Q(k) 

where 



. k 2 + 8k + 12 - 2y/2K 2 + 16k + 36 

= 16k ( 34 ) 

In the interior problem, /3-spectrum of SLE shows two transitions, one of which (similarly to the 
exterior case) happens at negative q = — 1 — ^ due to singularity (zero of derivative) of the 
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conformal mappings at the tip of the curve. Another one happens at positive q — Q(k) due to 
singularity of the mapping at z = oo. 

By analogy with the previous sections, one can also explicitly find points of the /3-spectrum for 
the LLE driven by Levy processes (|16[) with N first characteristic coefficients rji coinciding with 
that of Brownian motion at special values of k and arbitrary rji for i > N . 

In more details: The values of the /3 spectrum of interior problem can be found for processes 
(fT6]> with 

„ N + 2n nN(2N-n + l) Ar 1T „ „ „ 

" = 2 9 , g= v 2 '-, n<N, N, n = 0,l,2,... 35 

N * + rr — n N z + n z — n 

These values equal 

N(6Nn -Zn 2 -N + n) 
P = KHZ — 2 ( 36 ) 

Note that q and k in (|35|) are such that q is always bigger than Q(k) in (f34|) . i.e. f|36[) is obtained 
from the part of the SLE /3-spectrum above the transition point at q — Q(k). 

The /3(g)-spectrum of SLE below the transition at q = Q(k) can be obtained by the method 
of P]. Here, however we need spectrum for q > Q(n) which is so far determined with the help of 
exact solutions of (13"TT) [Ti] . We outline the derivation of the spectrum for the interior whole-plane 
SLE in Appendix 1. 

It is now convenient to make the following change of the dependent variable in equation (|31[) 

p = ((i-™)(i-w)) 7 e, e= Qijw*' 1 ™*' 1 , o hl = i (37) 

After this change we get the PDE of the form f|2 1 [) with 

V = (k - K7 + 6)ww H !— (iu + tt;) (38) 

Again, we are looking for solutions that are Fourier polynomials 

M 



Q{w,w)= J2 wl M0, £ = (39) 

i=-M 

Substituting (|3U)) into (l2"Tj) , (I3"51) . we get the three-term recurrent relation for /»(£) of the form ([2"?} 
with 

Ai = |(i- 7 ) 2 +j-3 7 -| 7 (l-7), = -k(z 2 +7 2 -7)+6 7 , Q - k -_JlL±^L-^ 6i . ( 40 ) 

Remind, that since Q(w,w) is real and symmetric, the condition ([26)) holds. The 2M + 1-diagonal 
truncation (|39f) of solution O happens when Am = 0. This condition defines the infinite countable 
set of curves in the parametric (q, K)-plane 

. = 2 M + 3 7 = 7(A/ + 7 )(2M+l+7) 

^ A/ 2 + 2M 7 + 2 7 2 - 7 ' 9 A/ 2 + 2M 7 + 2 7 2 - 7 1 j 

In the case when 7 is an integer, p is also the Fourier polynomial 

M N 
»=-M i=-iV 

Similarly to the exterior case, the set of parameters (l3"5j) corresponds to points on curves pTj) 
where 7 = n, and therefore 2V = Af + n. Repeating arguments used for the exterior problem, one 
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concludes that at these points the solution p(w,w) for SLE coincides with that for LLE driven by 
Levy processes (|16l) , (|35p and so we prove the main result in the case of interior problem. 

Note, that in the case of the interior problem one more explicit example exists: For Levy 
processes with r\\ = 1 and arbitrary rji, i > 1 we have 

0(2) =4, t?i = 1 (42) 

This point of the spectrum has been conjectured using computer algebra in [5]. It has been also 
conjectured that for the above values of parameters pi^ = i 3 . We prove this conjecture in Appendix 
2. 



7 Conclusion 

In summary: From elementary consideration it follows that any analytic and non- vanishing at w = 
oo/w = solution of the equation for moments (|13[) / (|31[) is unique (up to a constant factor) and, 
therefore, provides a point in the /3-spectrum of the exterior/interior whole plane LLE, respectively. 

For the class of LLE driven by Levy processes with N first characteristic exponents equal to 
those of the Brownian motion and with the rest of characteristic exponents being free parameters, 
these solutions coincide with solutions of PDE for corresponding Schramm-Loewner Evolutions 
when (k, q) belong to the countable sets of parameters (fTTf for the exterior problem or to the set 
(|35[) for the interior problem respectively. As a consequence, the corresponding /3-spectra can be 
found exactly for the parameters of interest either by method by D.Belyaev and S.Smirnov in the 
case of exterior problem, or through analysis of exact solutions in the both exterior and interior 
problems. 

For a given n and N the number of explicit points (|18[) in the ft spectrum equals the number 
of integer solutions (N', n) with distinct q = ^ j^j^I"^ 1 ^ of the Diophantine equation 

n = 2 ^'~l n , 0<A'<A, n<N'/2 

in the case the exterior problem, and number of integer solutions of equation 

^ = 2 .„f' + 2 2n , 0<A'<A, n<N' 

with distinct q = nN N ')^ J ^ n ^ l 1 ' ) in the case of the interior problem (where ft is given by ([31)10 
respectively. 
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Appendix 1: /3-spectrum of the interior whole-plane SLE 



Let us briefly outline the derivation of (l33l) . (|34p on the infinite set of curves (|4Tj) (for more 
details see [13] or [T4]V 

The derivation is based on the asymptotic analysis of the difference-differential equation 
P7|. (SOD for \w\ 1 (i.e. at £ -> 1): The system of 2M + 1 linear ODEs fl27|), dlUJ) for 
/ := i — —M..M} has 2M + 1 linearly independent solutions that behave at £ 1 as 

/(£)->• (1-0" A V«, 

5 The sub-case of (142 1 with r}i = 1, r\2 = 4 and arbitrary rji, i > 2 is contained in the set (1351361) at TV = 2,n = 1. 
6 There also exist explicit algebraic and hypergeometric solutions for the M = and M = 1 curves H4U respec- 
tively (see [TIT ) 
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where f3i,l = 0..2M, are 2M + 1 eigenvalues of a 2M + 1 x 2M + 1 tri-diagonal matrix and V; 
is a ^-independent 2M + 1 component eigenvector corresponding to the eigenvalue fa. Indeed, 
expanding solutions of ([27)1 at £ —> 1 as follows 

/i(0 = (l-0"fyi + -.-, i = -M..M (43) 

and substituting the above expansion into (1271) we get the following three-term recurrence relation 
for ipi 

R[^} = fy, R[i/>]i := - (A i+ iip i+ i + A_ i+1 ^_i + Biipi) (44) 

with P being an eigenvalue of the 2M + 1 x 2M + 1 three-diagonal matrix R. 
As follows from ([55)1 , (|43p. the Fourier transform ^(y) of V>j 

M 

\Z>(ip) : = ^ Vje w , * = * (45) 
i=-Af 

is the "angular part" of Q(w, w) at the unit circle w = e 1(p , i.e. 

*(<f) = lim '* § j (46) 

According to definition of /3-spectrum (|3"2"j) . as well as due to ([3T|) and (Hfjl) 

log ((1 - e~^)(l - e-^)T W(y)dy> 

p = p+ hm y : , 

£^o+ -loge 

Then, from the fact that the factor ((1 - e~ £+lv )(l - e~ e ~ IV )) 7 in flU) ceases to be integrable on 
the unit circle w — e ltp when 7 < —1/2, from the previous equation and eq. (|46p we have 

/3={|~ 27_1 ' 7 ;If , /8 €{/9 I} I = 0..2M}, (47) 
LP' 7—2 

provided ^(y) does not have zeros at <p = when 7 < —1/2 (which is the case). Therefore, the 
/3-spectrum of the whole-plane SLE is determined by an eigenvalue of the three diagonal matrix 



The eigenvalues {fa, I = 0..2M} of the three-diagonal 2M + 1 x 2M + 1 matrix flU}, (@DJ) can 
be found either directly [TT] or by recasting three-term recurrence relation (|4"4"]l . (|40l) in the form 
of the second order linear ODE for *&((p) which is amenable to hypergeometric form [13], [14]. The 
only even solutions of this equation are 



* = (1 - cos((p))'/ 2 2 F 1 - - M, - + 7 - 



v 2 '2 ' M + 37 2 
corresponding to even eigenvalues 



1 + cos((p) 



I =0,2,4,... 2M (48) 



= 2(M + 3 7 )7 2 ~ (2M 2 + M - 8 7 2 + 7)* + (M + 3 7 )^ 2 
' ! 2(M 2 + 2M7 + 2 7 2 - 7) ' ' '" 

The biggest eigenvalue, depending on M and 7, is either 

B = E±^2 7 2 = ^ (49) 

Po M 2 + 2M 7 + 2 7 2 - 7 7 2 1 1 

or 

(M + 7)(6M 7 -M + 37 2 ) 1 1 



^ 2M = M 2 + 2M 7 + 27 2 -7 = 3<1 ~ 2 " 2 ^ + ^ (50) 
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where (|41|) has been taken into account to express M and 7 in terms of q and k. 

By non negativity of the moments of derivative, ^((p) must be non- negative on the unit circle 
< ip < 2tt. For q > Q(k) the only non- negative ^(ip) in (|4"5)) corresponds to / = 2M (see [T3] 
or [2]). For q < Q(k) the (3 — /3q, which can be shown by method by D. Belyaev and S.Smirnov 
[2]. Thus, the value of /3 equals the maximal eigenvalue. As a consequence one can observe 
transition in the means /3-spectrum at points of the parametric (q, «;)-plane where /3o = /?2M- 
These two eigenvalues are equal at the transition point q = Q(k) (see Eqs (|33ti34[) 1 . 

Taking (|47p into account, from (|4l?)) . (I5H)) . one obtains /3(q)-spectrum ([33]) along a countable 
number of curves (1411) in the parametric (g, ft) plane for the interior whole-plane SLE. 

Appendix 2: Interior problem: Proof for rji = l,q = 2 case 

As mentioned in the Introduction and Section 6, this Appendix completes proof of the conjec- 
ture by B. Duplantier et al [3], so we formulate its result in the form of the following 

Theorem: For the interior whole plane LLE driven by Levy processes with 771 = 1, for q = 2: 

pu = i 3 , 13(2) = 4 

Proof: 



In difference with the main examples considered above, the case 771 — 1, q = 2 with arbitrary 
rji, i > 1 docs not, in general, show a finite-diagonal truncation of pij. Representing p(w, w) in the 
form 

p(w, w) = (1 — w)(l — w)Q(w, w) (51) 

from (|3"Tj) with q — 2 we get 

<99 <99 

- - io)(l - u))9] + (to + l)(to - 1)™^ + (w + l)(w - — + 3(2ww - tu - «))9 = (52) 

where 9 is the series 

00 

© = MO + £ + fc(0» £ = «^ ( 53 ) 

Substituting it into (f52"j) we will get a three-term differential recurrence relation for 0i(O which 
does not truncate in general|f|. However, it turns out that in this recurrence relation, two equations 
defining functions #o(0 and #i(0 do not involve others 9i(x), i 7^ 0, 1 when 771 = 1. 

Indeed, making the change of variable w — £/w, then taking into account the facts that, 
according to ©, operator 77 commutes with £ = aiiii and that t)[w 1 ] = rj i w' 1 , after substitution of 
series (15"3l into (jS"2")l we will get a series in in with coefficients depending on £. Coefficients of 
define the following three-term differential recurrence relations 

2^-i)em-(vi + * + (vr-i- 6)0 OiiOHivi+i-m+iiO+ivi-i-m-iiO = 0, MO = Co 

For i = and i = 1 they write 

(£-i)Mo+30o (o-20i (o = 0, (i-m)^2(o+2e(e-i)^(0+(7e-me-^-i)^(o+(m-3)^o(o 

When 771 = 1, these equations do not involve 62- 

(t - 1)^(0 + 30 O (O - 20i (0 = 0, £(£ - l)0i(O + (3£ - 1)0! (0 - O (O = 

7 The same conclusions can be also obtained for the values of interest from general properties of /^-spectra I14| 
8 Truncation happens when rji = i + 2 
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Since function p is analytic at w — 0, as well as p(w = 0) = 1, we have to look for a solution of the 
above system of two ODEs, such that 9o(0) — 1 and is finite at £ = 0. With these conditions 
we get 

1+g 1 

00 -(I^P 01 ~~0^W 

Taking into account ([50)1 , (153")) and (j5Tj) from the above we obtain that pa = i 3 , if 771 = 1. Then 
from ([32]) it follows that (3(2) — 4 which completes prof of conjectures by B. Duplantier et al [1]. 
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